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We study the Hawking radiation from Rotating black holes from gravitational anomalies point of 
view. First, we show that the scalar field theory near the Kerr black hole horizon can be reduced to 
the 2-dimensional effective theory. Then, following Robinson and Wilczek, we derive the Hawking 
flux by requiring the cancellation of gravitational anomalies. We also apply this method to Hawking 
radiation from higher dimensional Myers-Perry black holes. In the Appendix, we present the trace 
anomaly derivation of Hawking radiation to argue the validity of the boundary condition at the 
horizon. 
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I. INTRODUCTION 



Understanding of physics of the black hole horizon, 
such as the black hole entropy and the Hawking radia- 
tion, is believed to be a hint for the quantum theory of 
gravity. Many efforts have been devoted to this theme. 
Recently, there was a progress in understanding of black 
hole entropy 01 . There, the breakdown of the diffeo- 
morphism symmetry at the horizon, namely anomalies, 
played an important role. Since the Hawking radiation 
as well as the black hole entropy is the property in- 
herent in the horizon, it is natural to expect that the 
Hawking radiation is also associated with anomalies. 

Many years ago, Christiansen and Fulling found that 
Hawking radiation can be derived from the trace anomaly 
|3|| in the case of (l+l)-dimensional Schwarzschild space- 
time. In this approach, as is usual, boundary conditions 
both at the horizon and at the infinity are required to 
specify the vacuum. Hence, it is difficult to attribute the 
Hawking radiation to the property of the event horizon. 
It should be also mentioned that the method is not appli- 
cable to more than (2-|-l)-dimension. Recently, Robinson 
and Wilczek suggested a new derivation of Hawking ra- 
diation from Schwarzschild black holes through gravita- 
tional anomalies It should be noted that this deriva- 
tion is applicable to any dimension. In their work, the 
Hawking radiation is understood as compensating flux 
to cancel gravitational anomalies at the horizon. The 
advantage of this derivation is that it requires the in- 
formation only at the horizon. In order to prove that 
this gravitational anomaly method is relevant, we need 
to show the universality of it. Concerning this, Iso et al. 
have shown that the Hawking radiation from Reissner- 
Nordstrom black holes can be explained as the flux which 
cancel gravitational and C/(l) gauge anomalies 0. They 
have also clarified the boundary condition at the horizon. 

In this paper, we further extend Robinson and 
Wilczek's derivation of Hawking radiation to rotat- 



ing black holes. We also discuss the boundary condition 
at the horizon by comparing the gravitational anomaly 
method with the trace anomaly method 

The organization of this paper is as follows: in sec. II, 
we review the gravitational anomaly method. In sec. HI, 
we apply the gravitational anomaly method to Kerr black 
holes. In sec. IV, higher dimensional black holes, the so- 
called Meyers-Perry solutions, are considered. The final 
section is devoted to the conclusion. In the Appendix, we 
present the trace anomaly method to argue the validity 
of the boundary condition at the horizon. 



II. HAWKING RADIATION AND 
GRAVITATIONAL ANOMALIES 

In this section, we will review the gravitational 
anomaly method to make the paper self-contained. 
Consider the metric of the type. 



-fir)dt' 
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where /(r) is some function which admits the event hori- 
zon. The horizon is located ai r = rn, where firn) — 0. 
The surface gravity is given by k ~ ^drflrn- First, we 
show that the scalar field theory on this metric can be 
reduced to the 2-dimensional theory. The action of the 
scalar field is 
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where 7 is the determinant of drij~)_2 and Aq is the col- 
lection of the angular derivatives. Now we take the limit 
r rn and leave only dominant terms. Thus, the action 



2 



becomes 



E 



-^^^ — j dtdr V3„ (^^J^t + drfdr ] ipn 
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in the second line ip is expanded by {D — 2)-dimensional 
spherical harmonics. This action is infinite set of the 
scalar fields on the 2-dimensional metric 



ds^ = -f{r)dt^ + 



1 



dr^ 



(4) 



Thus, we can reduce the scalar field theory in 
D-dimensional black hole spacetime to that in 2- 
dimensional spacetime near the horizon. 

In this 2-dimensional spacetime, we treat the black hole 
horizon as the boundary of the spacetime and discard 
ingoing modes near the horizon because these ingoing 
modes cannot affect the dynamics of the scalar fields out 
of horizon. This 2-dimensional theory is chiral. Let us 
split the region into two ones: rn < r < rn + £ where 
the theory is chiral and rjj + e< r where the theory 
is not chiral. We will take the limit e — > ultimately. 
It is known that the gravitational anomaly arises in 2- 
dimensional chiral theory and its explicit form takes 0, 



where the convention e"^ 
and Nf^,, as 



^ef^'dsd^r^p , (5) 
1 is used. We define 



9bny/—g ^ 



where S[4>, g^i] is the classical action. The infinitesimal 
general coordinate transformation 



induces the variation of the effective action 



(10) 



-(5aM/= / d^x^\''V^{T^H)\H{r)+T^,fQ+{T)} 

d^xX*{dr{N\H) 

+ iTio)\-nH)\+N\)S{r-rH-e)} 
+ J d^xy{T^,{^ - ^H)\)5{r -TH-e), 

(11) 

where 6+(r) = Q{r — rn — e) and H{r) = 1 — 9+(r). 
The subscript H and o represent the value in the region 
fH l£ r < rn + e and rn + e < r, respectively. To obtain 
the last result, we used the fact that T(^o)'^^, is covariantly 
conserved and T^h)^ ^ obeys anomalous equation 

Taking into account the time independence of T(^h)^ 
and T(o)^^, we can integrate Eq. © as 



r — 



K + Q _ B{r)_ _ I{r) 

f f f 

K + Q Bjr) /(r) 

./ / / ' 

T\^-K + C{r) = -fT'r , 

where T represents Tj^) or TJ^^), 



(12) 
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(6) 



In the region oi rn + £ < r, we have = N^^^ = 0. But 
in the near horizon, < r < th + e, the components of 
these are 



and 



At 



-0 , 

^ {f' + f"f), 
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1 
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ir-f'f) 
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(/'' + /"/)', 



Ar^Q , 



(8) 



where ' = dr denotes the derivative with respect to r. 

The effective action for the metric g^i, after integrating 
out the scalar field is 



JS[ct>., 



(9) 



C(r) = / At{r')dr' 



B{r) 
I{r) 



f{r')Ar{r')dr' 



T''o.{r')nr')dr' 



(13) 



and K and Q are constants of integration. We denote the 
constants by Kh, Qh and Ko, Qo at the region th <r < 
rn + e and rn + e < r respectively. From Eq. B{r) 
should be zero. In the limit r ^ rn, we have C(r) ^ 
and I{r)/f iT«„(r//). Thus, Eq. ^ becomes 



Tr 
r — 



(14) 



/ 2 

-K = -fT*r 



The four constants Kjj, K^, Qh and Q^ have to be deter- 
mined to cancel the gravitational anomaly. Substituting 
Eq. (fTHl into Eq. ifTT)) and taking the limit e ^ 0, we 
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obtain 



5),W = / d?xX^{dr{N\H) 



{-KH + Ko + N\)5{r-rH)} 
Kh + Qh-Ko- Qo 



cPxX' 



f 



Sir - rn) ■ 
(15) 



In order to keep the difFeomorphism invariance, this vari- 
ation should vanish. Since the first term cannot be can- 
celed by delta function terms, it should be canceled by 
the quantum effect of the ingoing modes. Therefore, we 
ignore the first term. Setting S\W — 0, we get 



Kh -<i> , 



where 



1927r 



K 

48^ 



(16) 



(17) 



We need to know Kh to obtain the Hawking flux. For 
thispurpose, we adopt the boundary condition proposed 
in pj- Let us introduce the covariant energy momentum 
tensor T^j^ which satisfies the covariant anomaly equation 



1 
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(18) 



We impose the boundary condition on the covariant 
anomalous energy momentum tensor T^^^ since the 
boundary condition at the horizon should be diffeomor- 
phism invariant. The boundary condition we take is 



rri r rji T 



1 



1927r 



(//" - V ) = 



(19) 



We discuss the validity of this boundary condition in the 
Appendix. Thus, we obtain Kh = 2$ and therefore 



(20) 



So, $ is the flux of Hawking radiation. The flux of black 
body radiation in 2-dimension is $ = j^r^^ ■ Comparing 
this with H17|) . we get the correct Hawking temperature 
of the black hole 



T ■ 



K 

2^ 



(21) 



It is important to extend the above analysis to more re- 
alistic rotating black holes. 



III. HAWKING RADIATION FROM KERR 
BLACK HOLES 

In this section, we will show that the Hawking radi- 
ation from Kerr black holes can be understood as the 



flux cancelling the gravitational anomaly. The point 
is that, near the horizon, the scalar field theory in 4- 
dimensional Kerr black hole spacetime can be reduced to 
the 2-dimensional field theory. As the spacetime is not 
spherically symmetric, this is an unexpected result. 
In Boyer-Linquist coordinates, Kerr metric reads 



A - sin^ I 



2a sin^ 61- 



a2_ A 



-dtd(j) 



(r^ + a^f - Aa^ sin^ n 
sm^ 



where 



E = + cos^ 9 , 
A = - 2Mr + 
= (r — r_|_)(r — r_) 



(22) 



(23) 



The outer and inner horizon are located at r = r^,r^ 
respectively. The determinant of the metric is 

V^=Ssin6l, (24) 

and the inverse of the metric of (i, (f) parts is 

^^ (r2+a2)2_ Aa^sin^e 



SA 
A - sin^ 9 

EA sin^ 9 ' 
a(r2 -h - A) 
EA 



(25) 



The action for the scalar field in the Kerr spacetime is 
"^M =^ j d'^x^/^ip^/'^Lp 



j d x^a^- 
2a(r2 - A) 



dtd^ + 



drAdr 



-do smOdf) 



(26) 



Taking the limit r — > r_f. and leaving the dominant terms, 
we have 



1 



d^x sin 9 if 



{r\ + a^y 



A 



2a{r 



-dtd. 



-dl + drAdr 



(27) 



Now we transform the coordinates to the locally non- 
rotating coordinate system by 



(28) 
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where 



r± + 



(29) 



Using r, 0, ?/;) coordinates, we can rewrite the action 
(ITTjl as 



where 



217 



d^xsm9if ( ^J^"i + drfir)dr ] (f 



fir) 



(30) 
(31) 



One can see the angular derivative terms disappear com- 
pletely. The spherical harmonics expansion ip{x) = 
J2i,m'Pi"^i^'r)yir,i{d,'4^) finally gives the effective 2- 
dimcnsional action 



X ipim 



fir) 



de + drf{r)dr ipi 



(32) 



The effective 2-dimensional metric can be read off from 
the above action as 



-fir)de 



1 



fir 



-dr' 



(33) 



Thus, we have reduced the 4-dimensional field theory to 
the 2-dimensional one. This 2-dimensional metric tells us 
that, near the horizon, the geometry of Kerr spacetime 
is the Rindlcr spacetime when r+ > r_ . In the extremal 
case r+ — r-, the near horizon geometry reduces to AdS2 
which is consistent with the result of 9]. 

Now we can derive the Hawking radiation from Kerr 
black holes using the formalism explained in Sec. The 
flux determined by the anomaly cancellation arguments 
is given by Eq.(18) from which we can read off the tem- 
perature as 



sfW- 



(34) 



47rr+(r|+a2) 47rM(M -f - a^) 



This is nothing but the Hawking temperature of Kerr 
black holes. Although we have not yet shown that 
this flux is Plankian, we assume this is so. In the 
view of 4-dimensional theory, the distribution function 
is (exp(ti;/T) — 1)~^ near the horizon in the (^,"0) coor- 
dinates. In this coordinate, the scalar field with energy 
Lu and axial quantum number m is (p oa exp(ia;^ -I- imip). 
In the (t, (j)) coordinates, (f oc exp(i(w — mQH)t + im(f)). 
Hence, in {t, (j)) coordinates, we obtain the distribution 
function 



1 



exp((w — mflH)/T) — 1 



(35) 



Thus, we get the correct chemical potential for Kerr black 
holes. It is also easy to calculate the flux of the angular 
momentum from this result. 

In the case of Kerr-Newman black holes with the elec- 
tric charge Q and the magnetic charge P, the Hawking 
temperature of the neutral scalar field can be calculated 
similarly by replacing ^ + Q"^ + . 



IV. THE CASE OF MYERS-PERRY BLACK 
HOLES 

The discussion in the previous section can be extended 
to Myers-Perry black holes with only one rota ting axis. 
The Myers-Perry metric in I?-dimension is [Till lllj 

ds^ =-dr + — :rTT + -^idt + 2_^aiiJ.id(j)i)^ 



V - 2M U 



where 



Y,ir^ + a?)(M-d0? + d^-) + er''d^il+. 



n 2 2 

u=vii^j:-^) 



(36) 



(37) 



and n is the integer part of {D — l)/2 and e = 
l(Z):even), 0(-D:odd). The coordinates m are not inde- 
pendent but obey the relation 



(38) 



We consider the Myers-Perry black hole with one rotating 
axis. Denote oi = a, = O(fori ^ 1), fii — fj, and 
(pi — (j). Using the polar coordinates 



= cos t) , 
/i2 = sin 6 cos 02 , 
/i3 = sin 6 sin 82 cos ^3 , 



(39) 



we can write the metric as 



,-2 1 , 2M\ ,2 2/2 9 2AfaV^A ,,2 



U 

{r^+a^)U 
V 



u 



dtd(j) 



Udr^ 
V -2M 



d9'^ + r^dj^ 



(40) 



where 

dj^ = sin2 9dnl^^_^ + {fild4>l + ■■■ + fildcbl) , (41) 
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and dfl'^^^_2 is the metric of 5""'"'^"^ with coordinates 
(^2j • • • , fi'n+e-i)- The inverse of the metric of {t, (j)) parts 
is given by 



9^ 



V{{r^ + a^)U + 2a^^i^M} 
(r2 + a2)(F- 2M)C/ 
{U-2M)V 
fi^{r^ + a^){V -2M)U ' 
2aMV 



(42) 



^ (r2 + a2)(y_2M)C/ ' 
and the determinant of the metric is 
^ _ /i(r2+a2)[/ 



(43) 



Note that the horizon is located at r = r+, de- 
termined by V{r = r+) = 2Af. The (t,r,0) 
parts and (0, 6*2, • • ■ , ^n+E-i, 02i • • ■ , '/'n) parts of the 
metric are decoupled and the inverse metric of 
{0,02,- ■■ ,9n+e-i,4'2,'-- , 4>n) parts are nonsingular at 
the horizon, so these are negligible in the scalar field ac- 
tion near the horizon. Thus, near the event horizon, the 
scalar field action becomes 



X tp 



2M 



V -2M 



dt- 



Or Or 

2M 



Let us make the following transformation 



The result is given by 



(44) 



(45) 



{r\ + o?)r 



{rl + a2)r^-4 



d^Xy/^fJ,(p{-jdf + dr,fdr)ip 



^ J d^dr (p„ {-jd1 + drfdr)(pn 



where 



fir) 



V ~2M 
2M 



(46) 



(47) 



In the last line, we expanded (p using the com- 
plete set of orthonormal functions of {d,62,. - ■ ,On+e-i, 



ip, (j)2, ■ ■ ■ , (fin) with the measure Eq. (|46() is the 

action for infinite set of scalar fields in the 2-dimensional 
spacetime with the metric 



ds^ = ~f{r)de 



1 



fir] 



■dr^ 



(48) 



Using the procedure of Sec^I we can get the correct 
Hawking temperature of Myers-Perry black holes as 



T ■ 



V'{r+) {D - 3)r2 + {D - b)a' 



A'Kr+{r\ + a?) 



(49) 



V. CONCLUSION 

We have shown that the Hawking radiation from Kerr 
blacks holes can be explained from gravitational anoma- 
lies point of view. The key to show this is the dimensional 
reduction of the scalar field in the Kerr spacetime. This 
result has been further generalized to Myers-Perry black 
holes with the single angular momentum. We have also 
argued the validity of the boundary condition by com- 
paring the gravitational anomaly method with the trace 
anomaly method in the case of 2-dimensional black holes. 
Thus, we have given an evidence of the universality of the 
gravitational anomaly method. 

It is interesting to extend the present method to other 
tensor fields such as the gravitons. If we succeed to ex- 
plain the Hawking radiation for these fields using gravita- 
tional anomaly method, our understanding of black hole 
physics would become more profound. 

Some of recent researches on countiiig the black hole 
entropy are also related to anomalies 0, 0, 0^] . It is 
interesting to give a unified view for both the black hole 
entropy and the Hawking radiation from gravitational 
anomalies point of view. In particular, incorporating the 
back reaction of Hawking radiation into the framework 
of the gravitational anomaly method is more challenging. 

Note: while this manuscript was prepared for sub- 
mission, we noticed the independent work by S.Iso, H. 
Umctsu, and F.Wilczek |3| on the same subject. A re- 
lated work by Elias C. Vagenas and Saurya Das |0| ap- 
peared on the archive on the same day we submitted our 
paper. 
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APPENDIX A: COMPARISON WITH TRACE 
ANOMALY METHOD 

We examine the validity of the boundary condi- 
tion proposed by Q in the context of 2-dimensional 
Schwarzschild black hole. 



2M 



dr^ 



(Al) 



We will show that the gravitational anomaly method with 
the above boundary condition gives the same result as the 
one derived using the trace anomaly 0, ^ . Let us con- 
sider the massless scalar field theory in the 2-dimensional 
Schwarzschild black hole 



-4 



d'^x^/^g'"'df,ipd^ip . (A2) 
It is known that trace anomaly appear in this theory as 

(A3) 



R 

24^' 



From this trace anomaly, one can obtain the quantum 
effective action 



(A4) 



Using the auxiliary field we can rewrite this effective 
action as 



W[x,g] = 



1 

96^ 



-gi-X^x + 2xR) . (A5) 



The energy momentum tensor is given by 
2 SW[x,g] 



= T^[V^xV.x-2V^V,x 
4o7r 

+ <?^.{2i?-i(Vx)n] . 



(A6) 



The equation of motion for x is 



4M 



(A7) 



The solution of this equation is 



X = at - log 1 



2M 



+ A{r + 2M log(r - 2M)) + B 

(A8) 



where a, A, B are constants. Using this X: the energy 
momentum tensor is 



1 / 2M 7M^ 



127r 



27-4 



, , I / 2M 



I A^ + a^ 
" 487r 2 
2Af 2 ^2 ^ 



1 Aa 
'487rl- 2M 



We adopt Unruh vacuum condition [17|, ingoing flux 
should be vanish at r = oo and free fall observer should 
observe regular energy momentum at r = 2M. That is 



{Tyv) =0 (at r = oo) , 
(Tun) =0 (at r = 2M) , 



(AlO) 



where 



u 

V - 



-2M-] 



t - r - 2M\og\ 
t + r + 2M\og{^) 



2M 



(All) 



From this boundary condition, we obtain A = —a = 
1/4M. Thus, we get the flux of Hawking radiation 



1 



7687rAf2 



(A12) 



Comparing this result with Eq. (|12|) . we get Kg — $. 
That is Kh = from Eq. ((TB|l . This means that the 
boundary condition proposed in 5] is justified at least in 
the case of 2-dimensional Schwarzschild black hole. This 
supports the validity of the boundary condition T^t — 
at the horizon in any dimension. 
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